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Abstract

This paper takes the mathematical software Maptba@suxiliary tool to study the differential prebt of two types of functions.
We can obtain the infinite series forms of any ordlerivatives of these two types of functions bings differentiation term by
term and Leibniz differential rul@nd hence greatly reduce the difficulty of evalgtiheir higher order derivative values. The
research methods adopted in this study involvedidi solutions through manual calculations andfyieg these solutions by
using Maple. This type of research method not atiiyws the discovery of calculation errors, bubatelps modify the original
directions of thinking from manual and Maple caftidns. For this reason, Maple provides insightd gnidance regarding
problem-solving methods.
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1. Introduction

The computer algebra system (CAS) has been wideplayed in mathematical and scientific studies. Taygd
computations and the visually appealing graphicerface of the program render creative researshiple. Maple
possesses significance among mathematical calmolagistems and can be considered a leading tableiltCAS
field. The superiority of Maple lies in its simpilestructions and ease of use, which enable begnioelearn the
operating techniques in a short period. In addjttbrough the numerical and symbolic computatioegsmed by
Maple, the logic of thinking can be converted iatgeries of instructions. The computation resultglaple can be
used to modify previous thinking directions, therdbrming direct and constructive feedback that eaah in
improving understanding of problems and cultivatiagearch interests. Inquiring through an onlungpsrt system
provided by Maple or browsing the Maple website (wmaplesoft.com) can facilitate further understagdof
Maple and might provide unexpected insights. Feritistructions and operations of Maple, we canr tef¢l]-[7].

In calculus and engineering mathematics courseterrdming the n-th order derivative valué(“)(c) of a
functionf (x) atx=c, in general, needs to go through two proceduiestyf finding the n-th order derivative

f(“)(x) of f(x), and secondly takingx =c intof(“)(x). These two procedures will make us face with

increasingly complex calculations when calculatingher order derivative values of a function (ire.is large),
Therefore, to obtain the answers by manual calicnigtis not easy. In this paper, we mainly study differential
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problem of the following two types of functions

e2(P*DX cog(p - 1)(bx + ¢) — 16 cos p(bx + ¢)
e?® — 216 cos(bx + ) + A2

f(x)= @)

e®(P*DXgin(p - 1)(bx + c) - 1e®* sin p(bx + ¢)
e’ — 21 cos(ox + ¢) + A2

9(x) = )
, Wherea,b,c,A are real numbersp is an integer. We can obtain the infinite sermsnis of any order derivatives

of these two types of functions mainly using difietiation term by term and Leibniz differentialeuthese are the
major results of this study (i.e., Theorems 1,82 hence greatly reduce the difficulty of evalugttheir higher
order derivative values. As for the related stufigiierential problems can refer to [8]-[16]. Omet other hand, we
propose two examples to do calculation practicdllye research methods adopted in this study indofireling
solutions through manual calculations and verifyihgse solutions by using Maple. This type of reseanethod
not only allows the discovery of calculation errdosit also helps modify the original directionstbinking from
manual and Maple calculations. For this reason, |®apovides insights and guidance regarding prokdetving
methods.

2. Main Results

Firstly, we introduce some formulas used in thisligt

Euler's formula.

e¥ =cosy+isiny, wherey is any real number.

DeMoivre's formula

(cosy +isiny)" = cosny +isinny, wheren is any integery is any real number.
Geometric series

1
1-z

Supposez is a complex numbetz <1. Then =Yy 5.
k=0
Next, we introduce two important theorems usedhis paper.

Differentiation term by term([17]).
If, for all non-negative integek, the functionsg, : (a,b) -~ R satisfy the following three conditions(i) there

exists a pointxg O (a,b) such that igk(xo) is convergent, (ii) all functiongy, (x) are differentiable on open
k=0

interval(a,b) , (iii) idigk(x) is uniformly convergent or(a,b) . Then ng(x) is uniformly convergent and
k=0 X k=0
. . . Cood & o d
differentiable or(a,b) . Moreover, its derivative— » g (X) = Y. — gy (X) .
dX k=0 k=0 X

Leibniz differential rule ([18]):
Let n be a positive integer, arfdx),g(x)are functions such that theirm-th order derivatives
£ (M (x),g(™(x) exist for allm=1...,n. Then then -th order derivative of the product functiiix)g(x),

() M(x) = 3° [:njf(”‘m)(x)g("‘)(x)

m=0
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n n!
, where =
(mJ m!(n —m)!

Before deriving our main results, we need a lemma.

Lemma Supposez is a complex numberp is any integer/ is a real numberd #0and|7 #|4| . Then

zP &1 i .
[IREPN it[Z <[] ®)

) kio”kz‘k‘“" LER Q)

p
Proof. 4 <|A|, then z :—sz-llE-lL
z-A A 1-Z

>

w k
=-zP [.& 0y [EJ (By geometric series)

If |z|>|/1|,then % :z'DII-ll—ElL

D]Zi i[ ) (By geometric series)

(o)
— Z/]kz—k—1+p u
k=0

The following is the first result in this study; vebtain the infinite series forms of any order datives of function
D).

Theorem 1Let a,b,c,A be real numbersp be an integern be a positive integer. If the domain of

e2(p+)x apx
cc;s(p Dbx +c) - Ae cozsp(bx 9 {xD Rle™ #|1|,e* - 216 cospx+c) + 1 O}
& —21e® cospx +c¢) + A

f(x)=
Case (i): Ife™ <|A|, then then -th order derivative off (x) ,

£ (x) = Z (k= p)" R Zn: (:Ja"_mbm Ed:os[(k + p)(bx + c) +%] (5)

k=0 /1k+1 m=0
For all x satisfy e <|A| and e*® - 21e™ cospx +c) + A2 0.

Case (ii): If e > ]|, then then-th order derivative off (x) ,
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f(M(x) = i,ik(—k—n p)"ed(~k=1+p)x i (:Ja”_mbm Dto{(—k -1+ p)(bx +c) +%} (6)

k=0 m=0
For all x satisfy e >|A| and e?® - 21e™ cospx+c) + 42 £ 0.
ax [ (bx

Proof. Case (i): Ife™ <|/|, taking z=¢€ *%into (3), we obtain

[eax I:dai(bX+C)] p

= — 1 - ax i(bx+c)ik+p
e Eei(bx+c) -] Z k+1 —orle” e ]
eapX |]a|p(bX+C) 00 1 a(k+ p)X I(k+ p)(bX+C) i ,
= e gl (bx+c) _ ) =- z_: JrEay e e (By DeMoivre's formula)

e [Jeosp(bx +c) +isinp(bx +c)]  _
[€® [kospx +c) — A] +ie® [$in(ox + ¢)

- i /]kﬂ ek PX [eos(k + p)(bx + ¢) +isink + p)(bx +c)]

(By Euler's formula) ()
By the equal of the real parts of both sides of @8 obtain

e (P*X cos(p - 1)(bx + ) - Ae*™ cosp(bx +¢) _
e?® —2)e™ cospx + C) + A2

f(x)= f > e " P)X [gosf + p)(bx +¢)  (8)

Therefore, then -th order derivative of (x) ,

[ n
f(M(x) = - id—[e""(k+ P)X [gos(k + p)(bx +c)]  (By differentiation term by term)
— /1k+1 an

0 n
= -Z% 3 [nJ[ea('”p)X](“‘m) Qcos(k + p)(bx +¢)](™  (By Leibniz differential rule)
k=04" " m=o\M
(k+p" ealk+p)x 5N n-mpm mr[}
a b™ [tog (k + bx +¢) + —
kZ pia 2 (k + p)(bx + ) +

For all x satisfy e <|A| and e*® - 21e™ cospx +c) + A2 0.

Case (ii): Ife® >|]|, taking z=e™ & ™*%) into (4), we have

[eax Bai(bX+C)] p

B > AK[e ! (Pxre) ke

k=0

e [Jcosp(bx +¢) +isinp(bx +¢)]
[€® [Bospx +c) — A] +ie™ Binfx + ¢)

= i/lkea(‘k‘“ P)X fcos(k —1+ p)(bx + C) +i sin(-k —1+ p)(bx +c)] 9)
k=0

By the equal of the real parts of both sides of (@ obtain

0T cos(p ~(bx + ) ~ AW COSPN ) _ $ jkgA-k1+PIX [pos(k ~ 1+ p)(bx + €)
62 —21e™ cospx +c) + A2 k=0

f(x) =
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(10)
Thus,
f(n)(x)
0o n
WA ;'—n[ea(‘k‘1+ PX os(-k -1+ p)(bx + C)] (By differentiation term by term)
k=0 X
00 n
=YY (nJ[ea(_k_1+ PX1(0=M) feos(=k -1+ p)(bx +c)]™  (By Leibniz differential rule)
k= = m
00 n
= Y AK(-k -1+ p)nedk-lrpx (nja“‘mbm D:os[(—k ~1+ p)(bx +c) +_m”}
k=0 m=o\M 2
For all x satisfy €™ >|J| and e®®™ —21e™ cospx+c) + 4> #0 [ ]

Next, we determine the infinite series forms of anyer derivatives of function (2).

Theorem 2 If the assumptions are the same as Theorem Isuppbse the domain of the function

e*(P*YXsin(p - 1)(bx + ¢) - Ae® sin p(bx + )
62X _ 216 cospx + ¢) + A2

g(x) = is{xD Rle™ #|1|,e? - 21e™ cospx + ) + A2 ¢0}.

Case (i): Ife™ <|4|, then then -th order derivative ofy(x) ,

9" (x) = Z (k T(fl) ealkep)x [;ja”‘mbm E’sin[(k + p)(bx +c) +%} (11)

m=0
For all x satisfy e <|/| and €?® - 2™ cos(ox +c) + /2 2 0.

Case (ii): If e >|A|, then then-th order derivative ofy(x) ,

[ n
gV (x) = 3 AK(-k -1+ p)nea(-k-rpx 3 [:Ja“‘mbm Ijsin[(—k—1+ p)(bx + c) +—m2”} (12)
k=0 m=0

For all x satisfy e >|}| and e*®™ —21e™ cospx+c)+ 4> 0.

Proof. Case (i): Ife® <|/1| , then by the equal of the imaginary part of batles of (7), we obtain

kK PX mink + p)(bx +c)  (13)

e(P*DX gin(n —1)(bx + ¢) — 1 sin p(bx + ¢ =
o) = (p-D(bx+c) px+0) _ 5 1

e?® — 2™ cospx + ¢) + A = o/lk+1

Thus, then -th order derivative ofg(x) ,

g™(x) = - z /]klﬂ ; . [+ P)X in(k + p)(bx + €)] (By differentiation term by term)

= Z /1'”1 Z ( J[ea('“ P)X1(=M) [Isin(k + p)(bx +¢)]™  (By Leibniz differential rule)
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Z (k T<+p1) pa(k+p)x Zn: [:Jan—mbm I];in[(k + p)(bx +¢) +%}

m=0

For all x satisfy e <|A| and e - 2™ cospx +c) + A2 0.

Case (ii): Ife® >|A|, by the equal of the imaginary parts of both siole®), we obtain

ea(P+1)X sin(p _1)(bX + C) - /]eapX sin p(bX + C) - i/]kea(—k—h p)x B|n(_k -1+ p)(bX + C)

g(x) =
e’ —21e™ cos(ox + ¢) + A2 k=0
(14)
Therefore,
g™ (x)
= ZA" ; [k PX gin(=k =1+ p)(bx + ¢)] (By differentiation term by term)
k=o dx"

00 n n
WA [ j[ea(‘k‘1+ PX1("=M) rsin(-k =1+ p)(bx + ¢)]™  (By Leibniz differential rule)
k=0 m=0

= Z AK(~k =1+ p)ned(-k-1+p)x Z Q" Mpm Eﬁ;in[(—k—1+ p)(bx+c)+m}
k=0 m=o\M 2

For all x satisfy €™ >|J| and e?® -24e™ cospx+c) + A2 20
3. Examples

Aimed at the differential problem of the two types functions in this study, we provide two examptes
determine the infinite series forms of their angesrderivatives and evaluate some higher orderal@re values
practically. On the other hand, we use Maple taudate the approximations of these higher ordeivdtve values
and their infinite series forms for verifying ounsavers.

Example 1 Suppose the domain of the function

4X cos4(3x - 2) - 5% cos3(3x - 2)
e —10e®* cos(3x - 2) + 25

f(x) =2 (15)

Is {x O Rje?* # 5,e** -10e** cos(3x - 2) + 25# 0} (the case o =2,b=3c=-2p=-31=5 in Theorem
1).

Case (1): Ife?* <5, i.e., x<—|n5 J0.8047.

By Case (i) of Theorem 1, we obtain anyth order derivative off (x),

s

£ (x) = z (k- k+1 e2(k=3)x z ( jzn m gm I]:OS[(k 3)(3x - 2)+T} (16)

For all x satisfy e? <5 and e* -10e®* cos@x -2) +25# 0.
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Thus, we can evaluate the 4-th order derivativaevaf f (x) at x = % ,

k- 3) k /3-2 4 (4 4- mir
@ k=3~ g2 m g - 17
( ) E e E:o 2 B" [tos —k+3+ > 17)

k=0
In the following, we use Maple to verify the conmess of (17).
>f.=x->(exp(-4*x)*cos(12*x-8)-5*exp(-6*x)*cos(9*x-§)/ (exp(4*x)-10*exp(2*x)*cos(3*x-2)+25);
e_4xcos( 12x— 8) -5 e_éxcos(Qx —6)
fexm T
—10¢é Feos(3x—2) +25

>evalf (D@ @4)(f)(1/3),14);

-323.63861520538
>evalf(-sum((k-3)"4/5"(k+1)*exp(2*k/3-2)*sum(4!/(mi{4-m)!)*2~(4-m)*3*m*cos(-k+3+m*Pi/2),m=0
..4),k=0..infinity),14);

-323.63861520543
Case (2): Ife?* >5, i.e., x> % In5 10,8047,

By Case (ii) of Theorem 1, we can determine anyh order derivative off (x),
(n) ok n_ 2(-k-4)x 4 n-m m mr
fiV(x) = > 5%(-k-4)"e > 2 [(B" [toy (-k —4)(3x—-2) + — (18)
k=0 m=0 m 2
For all x satisfye®* >5 and e* —10e®* cos@x —2) +25%0.
Hence, we obtain the 5-th order derivative valuef ¢x) at x =1,

160 = 25'<( K- a)5e 28 Y ( sz"m 3" Ed:o{ k- 4+%} (19)

m=0

We also use Maple to verify the correctness of.(19)

>evalf (D@ @5)(f)(1),22);
10.48701240375211003658

>evalf(sum(5°k*(-k-4)"5*exp(-2*k-8)*sum(5!/(m!*(5-m!)*2~(5-m)*3 m*cos(-k-4+m*Pi/2),m=0..5)
,k=0..infinity),22);
10.48701240375211004439

Example 2 Assume the domain of the function

SXsin(2x +1) + 4% sin 2(2x + 1)
et0* 1+ 865 cos(@x +1) +16

1
g(x) =2 (20)

s {x OR|e™ # 4,e'%% + 86 cos(2x +1) +16 # O} (the case oh=5b=2,c=1p=2A=-4 in Theorem 2).

Case (1): 1€ <4 i.e., x <é|n4 002772.

By Case (i) of Theorem 2, we can evaluate anth order derivative of(x) ,
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g(”)(x) Z (k+2 k+1 e5(k+2)x Z”: (nJSn—m pm Ei;in[(k +2)(2x+1) +%} (22)

m=0
For all x satisfye®™ <4 and e'® +8e® cos@x +1) +16% 0.

Therefore, we can obtain the 6-th order derivatiafele of g(x) at x = -1,

6 (6
) (_q (k+2)° -sk-10 56-m pm Bsin( K- 2+mj -
g™ (-1) = kZM)kﬂ 2| > (22)
Using Maple to verify the correctness of (22) dkfes:
>0:=X->(exp(15*x)*sin(2*x+1)+4*exp(10*x)*sin(4*x+2)(exp(10*x)+8*exp(5*X)*cos(2*x+1)+16);

elsxsin[2x+ 1) +4 eloxsin[4x+ 2)

g =x—
10x 4 g’ cos(2x+1) + 16

>evalf (D@@6)(9)(-1),14);
5.1678534432644
>evalf(-sum((k+2)"6/(-4)"(k+1)*exp(-5*k-10)*sum(6{n!*(6-m)!)*5~(6-m)*2 "m*sin(-k-2+m*Pi/2),m=0

..6),k=0..infinity),14);
5.1678534432643

Case (2): Ife™* >4, i.e., x>—In4DO.2772.

By Case (ii) of Theorem 2, we can evaluate anyh order derivative ofg(x) ,

g (x) = i (4K (=k +1)" dTK+DX f (nJy“m 2m E*l;in[( k +1)(2x +1) +M} (23)
k=0 m=0 m 2

For all x satisfye® >4 and e!®* +8e°* cos(2x +1) +16 % 0.

Thus, we obtain the 5-th order derivative valuggfx) at x = %
9(5)(2) Z (—4)K (~k +1)%e72K*2 2 [ j55 m gpm &in(-%+%+%} (24)

In the following, we use Maple to verify the correess of (24).

>evalf (D@ @5)(9)(2/5),20);
1.13317923606905354 -10°

>evalf(sum((-4)"k*(-k+1)"5*exp(-2*k+2)*sum(5!/(Mm!*§-m)!)*5~(5-m)*2 m*sin(-9*k/5+9/5+m*Pi/2),
m=0..5),k=0..infinity),18);

1.13317923606905351-10°
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4. Conclusion

From the above discussion, we know the differeiotiaterm by term and the Leibniz differential ryday
significant roles in the theoretical inferencestlois study. In fact, the applications of these ttheorems are
extensive, and can be used to easily solve mafigudtfproblems; we endeavor to conduct furthedgs on related
applications. On the other hand, Maple also play#a assistive role in problem-solving. In thetudte, we will
extend the research topic to other calculus antheegng mathematics problems and solve these @gmbby using
Maple. These results will be used as teaching nadgefor Maple on education and research to enhdhee
connotations of calculus and engineering mathematic
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